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GENERAL CHARACTERISTICS OF THE WORK

Rationale and development degree of the topic. The shell

theory is a field of science that studies stress-strain state of bodies
whose one size called thickness is rather small than the other two
sizes of deformable solid mechanics.
Smallness of shell thickness with respect to other sizes causes to
create various applied theories that simplify analysis of shells. The
study of inhomogeneous, in particular of multi-layer shells is of great
importance in shell theory. The construction of applied theories for
multi-layer shells consists of 2 two different directions by accepting
kinematic hypothesis for one layer or for the packet of layer
respectively and obtaining two dimensional equations. Definition of
domain of definition of the existing various applied theories for
shells, creation of more exact applied theories for them and inability
to solve correctly some problems of shell theory for small thickness
elastic bodies on the basis of approximate equations makes necessary
to study the stress-strain state of a shell on the basis of elasticity
theory equations.

At times when the classic elasticity theory became an
independent academic subject of continuum mechanics, one of its
main hypotheses was inhomogenecity of the material. Then it
became known that assumption of homogenecity of the material
ignores some its real features. Though the study of the stress-strain
state of inhomogeneous elastic bodies if a complex mathematical
problem, this approach takes into account their mechanical,
geometrical structures more adequately and causes to formation of
new quality effect.

In many cases, in order to study the features of an
inhomogeneous material, it is assumed that the an elastic material
possesses mechanical features expressed by elementary functions.
This enables to use the classic methods in solving elasticity theory
problems for inhomogeneous bodies and to build solutions that can
be accepted as a reference to solve more complicated problems.

By solving the elasticity theory problems for inhomogeneous
bodies, the asymptotic methods play an special place and are
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performed in two directions. In the first direction the studies are
based on the asymptotic integration method consisting of
superposition of three iteration processes of elasticity theory
equations. The basis of this direction was executed in the works of
A.L.Goldenweiser, M.l.Huseynzadeh, A.M.Kolos, N.M.Rogachova
and other researches. The second direction is based on the method of
homogeneous solutions and has found its solution in the works of
I.1.Vorovich, 0O.S.Malkina, N.N.Buzarenko, Y.U.Ustinov,
M.K.Mekhtiyev, M.A.Shlenev and others.

Object and subject of the research. Application of
asymptotic and numerical methods the stress-strain state of a small
thickness inhomogeneous cylindrical shell.

Goal and objectives of the research. Study of stress-strain
state of a result inhomogeneous cylindrical shell whose elasticity
module change with respect to radius when different boundary
conditions are given in a lateral surface on the basis of elasticity
theory equations; study of torsional problem of a cylindrical shell
whose elasticity module are radius-depended arbitrary positive
continuous functions; to build exact and asymptotic solutions of
torsional problems of a radial inhomogeneous cylindrical shell whose
elastic module change by linear law with respect to the radius; study
of elastic wave propagation problem in two-layer and three-layer
cylinders by applying numerical-analytic methods.

Research methods. The technique of the study is based on
the method of asymptotic integration of elasticity theory equations,
homogeneous solutions, discrete orthogonalization methods.

The main theses to be defended.

. Studying boundary value problems of elasticity theory for a
radial, inhomogeneous, small thickness cylindrical shell.

. Defining asymptotic formulas characterizing the stress-strain
state of a radial, inhomogeneous, small radius cylindrical shell.

. Studying torsional vibration a radial, inhomogeneous small
thickness cylindrical shell.

. Analyzing elastic wave propagation in radial, two-layer and

three-layer cylinders.



Scientific novelty of the study. The results obtained in the
dissertation work are the followings:
o The stress-strain state of a radical inhomogeneous cylindrical
shell was studied on the basis of elasticity theory equations,
homogeneous and inhomogeneous solutions were constructed.
o When the lateral surface of the cylindrical shell is free from
stress, the determined solutions were classified and it was shown that
the first layer consists of the sum of the expanded, simple boundary
effect character, boundary layer character solutions. Asymptotic
formulas to calculate the stress-strain state of ma cylindrical shell
were obtained.
o When homogeneous mixed conditions are given on the lateral
surface of a radial inhomogeneous cylindrical shell, it was shown
that the homogeneous solution consists of the sum of expanded and
boundary layer character solutions.
o It was determined that homogeneous solution for a radial
inhomogeneous cylindrical shell with a fixed lateral surface consists
of only a boundary layer character solution.
o A problem of torsion of a cylindrical shell whose elastic
module are radius dependent arbitrary positive continuous functions,
was studied when the lateral surface of a cylindrical shell is free from
stress, it was shown that the homogeneous solution consists of the
sum of an expanded and boundary layer character solutions. It was
obtained that for a cylindrical shell with a fixed lateral surface the
torsion problem has only a boundary layer character solution.
o When the lateral surface of a radial inhomogeneous
cylindrical shell is free from stress, the torsional vibration problems
were studied, exact and asymptotic solutions were built.
o The problems of propagation of asymptotic with respect to
the axis symmetric with respect to the axis and torsional elastic
waves in a radial two-layer and three-layer cylinder was studied by
joint application the numerical analytic methods. The dispersion
curves were constructed and their possible asymptotic were
determined.

Theoretical and practical importance of the study. This
work is of theoretical importance. A new class of solutions that can
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not be described by applied theories of shells. The obtained
asymptotic formulas allow to calculate the stress-strain state of a
radial inhomogeneous cylindrical shell to estimate the domains of
application of various applied theories existing for a cylindrical shell
and to build more exact applied theories.

Approbation and application of the work.

The results of the dissertation work were reported at the |
International science and engineering conference, at Baku
Engineering University (Baku 2018), at the XXXIX International
Scientific practical conference “Advances in Science and
Technology” (Moscow 2021), at the conference “Applied problems
of mathematics and new information technology” (Sumgayit 2021).
The results of the dissertation work were published in scientific
journals in the form 6 papers and 3 conference materials.

Author’s personal contribution. Except the problem
statement, all the results of the study belong to the author.

Author’s publications. 6 papers and 3 conference materials in
the editions recommended by the Higher Attestation Commission at
the President of the Republic of Azerbaijan.

The name of the organization where the work was
performed. The work was performed at the department of "General
technical disciplines and technology" of the Ganja State University.

Structure and volume of the dissertation (in signs
indicating the volume of each structural subdivision separately).

The dissertation work consists of introduction, 3 chapters,
conclusion and a list of references,129 pages. The total volume of the
work 215871 signs (title page 397 signs, content 1656 signs,
introduction 23837 signs, chapter | - 82000 signs, chapter 11 - 64000
signs, chapter Il -42000 signs, conclusion 1981 signs). The
dissertation work contains 12 figure and a list of references with 90
names.



The main content of the work

Chapter 1 is called “A symmetric problem with respect to the
axis of the elasticity theory for a radial inhomogeneous cylindrical
shell”. In chapter | asymptotic theory pof a aradial inhomogeneous
cylindrical shell is given.

In 1.1 a symmetric problem with respect to the axis is
considered in the r,e,z cylindric coordinate system for a radial
inhomogeneous isotropic cylindrical shell with the volume
C={re[mn) pc[0;2z] ze[-1y;l]}. It is assumed that with
respect to the radies the elasticity module alternate by the linear law
G(r)=G.r, A(r)=A.r. The expression of balance equations by the
companents of the displacement vector in the cylindric coordivate
system is as follows:

(A +0,A +02A, J1 =0, (1)
Here
(26, + 4 o? + ) 2G4 0
& _H 0 G, (02 +58J ’
A = 0 egp(g(Go +ﬂ,0)6+gzﬂ,o1
e (32(260 +20)+(Gy + 4 )ga) 0 ’
|e*Goe*® 0
20 ok
- oY 0 ) o2 o 1 r .
“Z(“"’“ﬁ)’af%'@l:@’@:%’pt"{a} T

L

. 1
are pure variables, s ==1In
2 \n

] is a small parameter characterising

the thickness of the cylindrical shell, Iy =.\/Il,, pe[-11]
Eel-11], 1=l



It is assumed that the boundary conditions

& =(E +o,E)u| _, =b*(S) 2)
0G4 k). ., . |
£ - c +4 . ,E1=H Og ﬂoeﬂ1
0 05 Goe » 0
&

Rt () H* \
5=(0,.0.) B*()=(t"(¢) d*(©))
on the lateral surface if the cylindrical shell, arbitrary boundary
conditions retaining it in equilibrium are given on the seat.

The functions t*(£), d*(¢) in (2) O(1)-th order rather

smooth functions with respect to ¢.

Assuming the parameter & rather small, according to the first
iterative process a special solution called an inhomogeneous slution
of (1) satisfying the boundary condition (2) is built according to the
asymptotic integration method. The Mitchell-Almansi problem for an
inhomogeneous cylindrical shell is studied.

In 1.2 all the solutions of the balance equations (1) satisfying
the condition

o =(E,+oE| _, =0 (3)
where the lateral surface of the cylindrical shell is free from stress,
are built.

The solution of the boundary value problem (1), (3) is sought in
the from of

u, (i) =ulpe™, up:&)=wpk™ (4)
Substituting (4) in (1), (3) we obtain the problem
(A, +aA +a’A A =0, ()
(E,+eE)a| ,, =0 (6)

Here a(p) = (u(o): w(p))" .

As &£—0 as a result of analysis by using the asymptotic
integration method consisting of three iterative processes in the
spectral problem (5), (6) the following solutions are determined:

8



1) 4o = _LCeEP, u =C¢, (7

? 2(G, + 4,)
G,(2G, +34,)
o _ @ _ (1) _ _ &
o) =0, =0y =0, Gg)——o Oi Ce” (8)

The solution (7) corresponds to the double eigen value a =0
of the spectral problem (5), (6). The solution (7) determines the
stretching of the cylindrical shell along the axis.

1

2
2) a;=¢ (a0j+8a1j+...).
u?(p;¢) ZD UP(p ©)
j=1
14
uP(p;&)= ZZDU(Z)Pf (10)
here

U(Z)(p §)=(G +io){2+8e {aojp +[1ie; aozj—ZJp}+O(gz)}x
1
X exp(ﬁ(aoj + &y + - )gﬁj,

Ur,(ﬁz)(Pif)Z(GoJf}‘O){_aoi[Zer = j+g[(2+3E1)a031p3+(Oijes_

1+e 3

e2
—(1+3e, ) —ﬁagj Jpz +(Ze3a0j — 20, — Aoy, — 21+ el)agj)p}r

(e oo - o v+

oA, _46(Gt4)  _ 26y
Y2G+ A ¢ 2Gy+ A, D 2Gy+ A,
@, are the roots of the biquadratic equation
3¢/
aéj——aoj+3 0

(L+e)’




3)

a) o = 5‘1(ﬂ0k +&B), + )
u®d(p;&)= 2T GV (p;¢), (11)
utd(p;&)= £2TU §V(p;é), (12)
here

Ugl)(p;ég):ﬂzﬁw COS [y + IBOKSIn ﬂijs'n(ﬁOkp)
- ZﬂOKIDSIn Box COS(ﬁOkp + O ]eXp( IBOk + Byt )5)’
Uéf;l) (P; f) = K%ﬁw sin B, — 2:Bozk Cos ﬂijCOS(ﬂOkp)_

_Zﬂo"psmﬂ‘)ksm(ﬂ(’kp +O ]exp( IBOk + &0y + )Szj,
Pk are the roots of the equation
SiN2Ly + 2L, =0,

b) o =& (B + &by +...)
WG (p;¢)= ng,u G2 (p; &), (13)
u$(p:8)= ey FUSV(p1) (14
here _

US;Z) (Pif)z Kzﬁé sin Sy _éﬂm COSﬁOijCOS( in)_
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2ﬂ0|pcosﬂ0| Sm( O| +O g)]exp(i: ﬂm +‘Sﬁll )gj’

21-¢)
l+e

XSin( in)+ O(g)]eXp(;(ﬂOi + By + )f}
Poi are the roots of the equation
sin Zﬂoi - 2ﬂ0i =0.

U§? (p;&)=| 235 pc08 By cos(Byp)+ ( Py €OS By + 235 sin ﬂo.j

The sum

u,(p;&)=u +ZD UP(0; )+ 83 TU G (0;6) +
k=1
+ gz FUS?(p (15)

u.(p;&)= +ZD U (pié +ngu<w pi&)+

+8Z FU(3 2 (p; 5) (16)
of the solutions (7), (9)- (14) is the total solution of the problem (1),

(3).

In 1.3 homogeneous solutions (7), (9)-(14) determined from the
asymptotic integration process are classified.

The solution (7) determined in the first iterative process is an
expanded solution. The stress state (8) determined by the solution (7)
is equivalent to the principal vector P of forces on the arbitrary
section & =const of the cylindrical shell:

_ AnGy(2G, + 3}‘0)sh(3g)c. (17)
3(G, +4)

The stress state corresponding to the secind and third iterative
processes is self-balanced in the section & = const .

The stress-strain state corresponding to the solution (9), (10)
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determined by the second iterative process determines the boundary
effect in applied theory of shells. The solutions (7), (9),(10) that
corresponding to the first and second iteration process, determines
the internal stress-strain state of the cylindrical shell.

The solutions (11)- (14) determined by the third iterative
process are of boundary character. Boundary layer character layers
were not boundary in any applied theories of shells. The first term of
the expansion of these solutions with respect to the parameter ¢ is
equivalent to the Saint Venant boundary effect for inhomogeneous
plates.

The stress corresponding to the solution determined by the
second and third iterative processes are localized on the seat of the
cylindrical shell and damp exponentially from its seat to the inside of
the shell.

According to (15), (16) the stress-strain state of an
inhomogeneous cylindrical shell consists of the sum of the expanded,
simple boundary effect and boundary layer character solutions.

In 1.4 the satisfaction of boundary conditions on the seats pof
the cylindrical shell is considered

apg\gzﬂ = fi(p) . = Talo). (18)

It is assumed that the boundary conditions (18) are given on

the seats of the cylindrical shell. The  functions

f.(p), f,.(p) (s=12) contained in (18) are smooth functions

satisfying the equilibrium conditions and of O(l) order with respect
to the small parameter & .

According to (17) the constant C is determined by the
equality

3(Gy +4)P
= : (19
472G, (2G, +34, )sh(3¢)
The constants D;,T,,F contained in (9)-(14) are determined

from the boundary conditions (18) by using the Lagrange variation
principle as follows:
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i myDjo = (k:l,_4) (20)

i=

iM“)TkO:délj), (i=12,..) (21)
ZQL”F.O d& (j=12... 22)
here
sk 6 4 0002

(4G§ +8Gy4, + 7ﬂ'o )anaOk 24Go/1§ (Go + /zo)O‘Ok J
(an + %k)l (an + %k)l
G e |

o {2 - 2(6, 2o A Jeo -2

+[z<eo+zo>y2—a0k<z<eo+z0>p+zo>fzz]exp[%j}dp,

M j(t) = j4GOﬁ02k {ﬁok [COS Box Sin(ﬂOkP)_ psin B, COS(ﬂOkP)]'

-1

) 2(2G, + ) ; i _ i
{(Zﬂojcosﬁoﬁ G+ 4, smﬂojjsm ij) Zﬂojp5|nﬂ0jCOS(ﬁojp):|+

+ [Sin Pox COS(ﬂOkp)_ BoxPSIN By Sin(ﬁokp)_ Bok COS Loy COS(/BOkP)]X

'HGOZSO,% sin B, —2/3,; cosﬂonCOS(ﬂojp)— 28,;p8In By Sin(ﬂojp):|}dpx

[ )l 202
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(1) IZ{ 1s {(zﬂojcosﬂm +2(§;G°—j;f°)sinﬁojjsin( ij)—

_1s=1

—ZﬁojPSin ,301' COS( ojp)]+ fz’;(P){[GZSOﬂo Sinﬁoj —Zﬂoj COSﬁoiJ

0

.I
% cos( ojp)_ 28y, p8In By sin(ﬂojp)]}dpexp((—l)s ﬂzj j

QY = I 4G, B2{Bylsin B, cos( By 0)— pcos By sin( By, 0)]-

G, + 4
XCOSﬂOjSin 0jp)J+[:BOiSinﬂ0i5in( in)+cosﬁ0i5in( OiP)+

+ By COS Sy, COS( in)] [Zﬁo,'/? cos S COS(ﬂij)+( szo/io cos fy; +

0

+2/3;in By Jsin( ;) p(eXp(— W] + eXp[WJJ,

£

-HZ/}OJ sin B —(GO—WCOSﬂOijOS(ﬁOJ—p)— 23y, %

b G, + 4
—2/3,;pC0S Sy Sin(ﬂOjP)]+ fZ*S(p)[ZﬂijCOSﬁOj COS(IBOJ'P)"‘

|
+(G2(jo/10 c0S /i, +2ﬂ015inﬂ01j5in ij)}}dpem((_l)s ﬂLJ

o &

d(g?) :j‘i{ 1s {Kzﬁmsmﬂm ( G +AO)COSﬂ0]JCOS 0]'0)_

@
= |IIT(]) 35— £, = j fls dp fi = fls(p)_ fie).

. 3P
st(p): fzs e ( _12)

Here
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D, =Dj,+&Dj +--+, T =To+&T,+--, K =F, +&5, +---
The matrices of the systems of linear algebraic equations
obtained for defining the constants D;,,T,,, ,p(p 12,. ) are the

same with the matrices of the systems (20)- (22). The systems of
infinite linear equations (21), (22) are solvable if the expressions
located in their right hand side satisfy certain conditions.

In 1.5 we study an elasticity theory problem for an
inhomogeneous cylindrical shell with fixed lateral surface. It is
assumed that the boundary conditions refaining it in equilibrium state
are given on the seats the cylindrical shell. It is shown that the
considered problem has the following boundary layer character
solutions localized on the seats of the shell and damping
exponentially to the inside of the domain:

a)

(31) ) B 3G, + 4, )
u, ,0 5 5ZT |:(ﬂ0ksmﬂ0k G, + 4, COSﬂOk]S|n(ﬁ0kp)+

0

+ Bk 2 €OS Ly COS(ﬂOkp)"" O(g)]exp (% (ﬂOk +&0y +.. )fjv (23)
u?l) (p; 5) = 52Tk [ﬂok (p COS Sy Sin(ﬂokp)_ sin By, COS(IBOkP))"‘ O(g)]x

1
X EXp (; (Boe + By +-- )65)1 (24)
here the S, are the roots of the equation

sin24,, — (G + )

o PO

b)
U(32) ,0 g ZOO: |:( G +ﬂﬂ: SInﬁOl +IBOI COSﬁOIjCOS(ﬂOI )

i=1 0

+ Bupsin By, Sin(ﬂin)+ 0(5)]6Xp (% (ﬂoi +&0; +.. )fj’ (25)
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U(SZ) p 5 ‘9ZF[ Do COSﬂOISIn(ﬁOI ) pCOS( in)SinﬂOi)+o(g)]x

X EXp (E (ﬂOi +0; +.. )St)’ (26)

here f,; are the roots of the equation
2(G, +4)
3G, + 4, 36,14, Lo =0

The first term of the expansion of the solutions (23)-(26) with
respect to the parameter & is equivalent to the Saint-Venant
boundary effect in theory of inhomogeneous plates. The constants
contained in (23)-(26) are determined from the boundary conditions
given on the seats of the cylindrical shell T, F *****

In 1.6 we study an elasticity theory problem for a small

thickness cylindrical shell with homogeneous mixed boundary
conditions

sin243,, +

=0, g . =0,

Plp=+1
given on the lateral surface and with boundary conditions given in
the seat and refaining the cylindrical shell in equilibrium state.

As a result of application of the asymptotic integration method as

& — Owe determine the following two groups of solutions :

W _ sh(k, — &) klp_Sh(kl_g) koo ptp
1) uP _Deo( Sh(ét) e Sh(&‘[) e e | (27)
uf’ = D¢, (28)
here e+t o et=1) 106G, + 4
' 2 22 26,44
_ A
T AGy A) @)
2)

a) u/(f;l) (p:&)= 52Tk (Bok €08 By sin(Boy ) +O(e)) x
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<exp [1 (Boe + B +---)§j (30)

(3 Y (P f _ng B €08 Sy COS(ﬁOkp)+ O( ))

X em(;(ﬂw +fy +- )5} (31)
here 3, are the solution of the equation
sing,, =0.
b) u(SZ) p 5 gZF ﬂolsmﬂm COS( 0| ) ( ))X
x exp(;(ﬂm By + -)5} (32)
U (pi€)= 3 (s iy sin( )+ Ole))
X EXp (E(ﬂm +fy + - )é:j! (33)
here S, — are the solutions of the equation
cos 3, =0.

The solution (27),(28) is an expanded solution and this solution
determines the inner stress-strain state of the cylindrical shell. The
expanded solution is equivalent to the principal vector of forces
acting in the arbitrary upper section & =const of the cylindrical
shell:

P=2d,D, (34)
here

Al 1-t
dy =5 G +20)sh (a)(kl - sh(k, —&)sh(k, +2¢)—

1+t B 2G,(2G, + 4,)
TR sh(k, g)sh(k2+25)j+ 3G, + 1) sh(3¢).
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The stress state corresponding to the third iterative process is
selfbalanced in arbitrary section & =const. The solutions (30)-

(33) determined by the third iterative process, is of boundary layer
character. The stresses corresponding to these solutions are localized
in the seat of the cylindrical shell and damp towards the inside of the
domain.

The stress-strain state of an inhomogeneous cylindrical shell
consists of the sum of the expanded and boundary layer character
solutions.

The constant D is determined according to (34). The
unknown constants T,,F, contained in (30)-(33) arev found from the

boundary conditions given in the scats of the cylindrical shell by
using the Lagrange variation principle.

When on the lateral surface of the cylindrical shell the
homogeneous mixed boundary conditions

U, =0,

p=*1 p==1

and when on the seats of the cylindrical shell the boundary
conditions refaining the cylindrical state in equilibrium stte are
given, an elasticity theory problem is studied for a small thickness
inhomogeneous cylindrical shell. It is shown that the problem under
consideration has a boundary layer character solutions locallized on
the seats of the shell and exponentially decaying towards the inside
of the domain.

In 1.7 a problem is solved numerically for a radial
inhomogeneous and homogeneous cylindrical shell with a fixed
lateral surface. The obtained results are compared and its impact of
inhomogeneity on the stress strain state is estimated.

Chapter 11 is called “A torsion problem for a radial
inhomogeneous cylindrical shell”. In chapter Il asymptotic theory of
a torsion problem is given when various boundary conditions are
given on the lateral surface of a radial inhomogeneous cylindrical
shell.

In 2.1 considers a torsion problem of a cylindrical shell whose
elastic module are radius dependent arbitrary continuous functions.
The expression of the equilibrium equation describing the torsion of

18
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the cylindrical shell in are cylindrical coordinate system I',,Z by
the displacemenet vector components is a sfollows:

g [G(r)(%—”—‘ﬂHer(%—“—wjm(r)% =0, (35)

or o r r o r
Assume that the lateral surface of the cylindrical shell is load-

ou, u
o =G(r) —=%2--%
v ({6r rl_r

and on the seats of the cylindrical shell the boundary conditions

0u =605 =1°(r) @)

refaining it in equilibrium state are given.
In (37), fi(r) are smooth functions satisfying the equilibrium

conditions.
The solution of the equation (35) is sought in the form

free

=0, (36)

u,(p,&)=v(r)m(z), (38)
Here the functio m(z) satisfies the condition
m"(z)— w*m(z)=0. (39)

Substituting (38) in (35),(36) according to (39) we obtain the
boundary value problem

ECUGE Vﬁ”j}' 280y 10),

r
+1°G(rv(r)=0, (40)

G(r(v'(r) - mj

=0, (41)
p

(s=12).
The solution of the boundary value problem (40), (41) is
determined by the equality
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u,(r,z)=Arz+ ivk (r)(Alke"‘kZ + Blke“kz), (42)

Here A, ,B, are arbitrary constants. For the torgue M, , of
stresses acting on the section z = const the equality
My, = 274, [G(r)rdr. (43)

is valid.
The u,(r,z)=Arz is an expanded solution and this solution

determines the inner stress-strain state of the cylindrical shell.
According (43) the constant is equivalent to the torgue M,, of
stresses acting in the section z=const: A;:

AO — Ivlbur.

2nfG(r)r2dr

n

bur.

Boundary layer character solution

ka(r)(Alke“‘kZ + Blke”kz) (44)
k=1

is localized on the seats of the cylindrical shell and damps towards
the inside of the domain.

The general solution of the problem consists of the sum of the
expanded solution and a boundary layer character solution.

A problem on satisfaction of boundary conditions (37) given on
the seats of the cylindrical shell, is considered and arbitrary constants
A,, B, are determined.

In 2.2 a problem on torsion of a radial inhomogeneous
cylindrical shell whose elastic module are radius dependent arbitrary
continuous functions, with fixed lateral surface and the given stresses
on the seats refaining it in equilibrium state, considered. It is shown
that the solution is of boundary layer character.

In 2.3 by the inhomogeneous solution method we study a
problem of torsion of a radial inhomogeneous cylindrical shell with
load-free lateral surface and whose elastic module are dependent

20



force function. The exact solution of the considered problem is built.
Satisfying the homogeneous boundary conditions given on the lateral
surface, we classify the roots of the obtained characteristics equation
and build asymptotic solution corresponding to these roots.

In 2.4 we consider a problem of torsion of a darial
inhomogeneous cylindrical shell with a fixed lateral surface and
whose elastic module are radius dependent force function by the
method of homogeneous solutions. The exact and asymptotic
solution of the considered problem is determined.

In 2.5 we study torsional vibrations of a radial inhomogeneous
cylindrical shell whose elastic modules and material density changes
by the linear law

G(r)=G.r, m(r)=m.r
with respect to the radius (G., M. are certain constants).

The expression of the motion equation characterising the
torsional vibration component is as follows:

o ou o o
;/’ 3_‘9_%“(/]4_ ;/’ =% ;ﬂ (45)
op° pop p os” G, or
Here p= L, _z are new pure variables; m, = M.f ,
Mo fo m,
G, = Gty T = t i are pure variables; are characteristic
G1 L \m

variables with density sise m, and elastic modulus size

L+, : .
G, ;r, =-+—2 —are mediam surface radii.

It is assumed that the lateral surface of the cylindrical shell is
load free:

=0, (46)

and on its seats the boundary conditions
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O, :Gop% = f*(p)'”, (47)
&=tly
are given.
Here A is vibration frequency.
The solution of the equation (45) is sought in the form

u(p(p,f,r)=v(p)a(§)e”f : (48)
Here the function a(&) is the solution of the equation
a'(¢)- 1*a(¢)=0.
Substituting (48) in (45), (46) we obtain the boundary value
problem

v"<p>+3v'<p>+(ﬂ2+%f—%jwp):o, )
P G, P
GOP(V’(/J)— %p)j =0. (50)

Writing the solution

1

o= o €len)s e, (o) 1)
2 2

of the equation (49) in the boundary conditions (50) from the

existence of non-trivial solution of the obtained system of linear

homogeneous algebraic equations we obtain the dispersion equation

2G?
Ay(p,2, 1 p;) = ﬁoz{[a"plpz +33p, — P2 — P2 +9]x

1p2

y sin(a(pg -p2)) +3( \cos(a(pg £ ))} =0 (52)

pi—p 3+ pip;)
Here J,(ap), Ys(ap) are first and second kind Bessel

2 2
1

functions; ¢ = | 2 + Mo 42 |*.
GO
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: r,—r,
We introduce a small parameter &=-2—%

characterizing the
2r,

thickness of the cylindrical shell. The number o> =0 is the root of
the dispersion equation (52). According to the equality a® =0

. m
=+ig [—2 53
u “/Go (53)

ase — 0 for the A satisfying the condition A =0(1) the dispersion
equation has a denumerable number roots

n :i+o(g),sin 26, =0 (54)
&

as A —o0 and & —>const (1= A4,¢ ", &—0) has the denumerable
number roots

=26+ 0(8),sin(2 2 +ﬂ/12J -0. (55)
& Go

Asymptotic expression corresponding to the roots of (53), (54),
(55) of dispersion equations of displacement vector and stress tensor
components are determined.

In 2.6 considers a torsional vibration of a radial
inhomogeneous shell with a fixed lateral surface and whose elasticity
modulus and material density changes by the linear law. The exact
solution of the problem is built. Asymptotics of the roots of the
dispersion equation are determined, asymptotics expressions for
displacement and stress tensor components corresponding to these
roots are structured.

Chapter 111 is called “Propogation of elastic waves in radial
two-layer and three-layer cylinders”. Chapter Ill propagation of
elastic waves in a two layer and three-layer cylinder is studied by
joint application of numerical and analytical methods.

In 3.1 a problem on propagation of asymmetric elastic waves
with respect to the axis in a radial three-layer cylinder with load-free
lateral surface is solver numerically. The dispersion curve
o, :at(Q) showing the dependence of the wave number o on the
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frequency Q is built.
Choosing the stress tensor components ag,), f,‘;), O'g;) of the

“k > number layer, the displacement vector components ufjk), uék),

u;k) as desired vector components from the displacement equations
and from the expression of stress tensor components by the
displacement vector components we obtain the system of partial
equations
(k) (k) (k) (k)
0o, _1-2v 1 g 00, 100, 26, 1 g, 0",
op vi-1lp ® 0 pop l-v. p°” “ or?
2G,v, i@uék) n 2G, i&u;k)
1-v, p & 1-v . p* 09
80‘22) _ Y 862? —ia(k) _2Gv, lﬁul(ok) _2G, ﬁzuék) B
op v,—-1 o0& p 7~ 1-v, p 8¢ 1-v, 0&°
1 ou oul 1 1 0ul
~G,— 52 +m, 52 _Gk( "'Vk)_ o (56)
p- 0@ or 1-v, p o&oep
00t v, 100% 2 4 26, 100 Glev)13UY
2

dp w-lp dp p 7 1-v p’ dp  1l-v, pogic
oul oul oul
- 2s i2 q)z -G, q; +my (/; ,
1-v, p° Op o¢ or
6u/‘)"): 1-2v g Vi U vooou? oy 1aup
op  2(-v)G, ” 1-v, p 1-v, ¢ 1-v, p Op '
(k) ()
U1 w0
o G * of’
(k) (k)
Ny” 1w L1, Y
o G " pop p”’
Here by G, we denote the shift modulus of the “K  number
layer, by Vv, the Poisson ratio, by m, the material density.

According to the contactness condition of layer composing
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the cylinder, the equality
(P2 0.8,7) = 00 P10, £,7),
Gp; (02 0.£,7) = 01 (P160,0,617),
(P2 0.£,7) = 015 P10, £,7),

U,ﬂ (P2 0.&,7) =5 (01, 0. E,7),
uij (IOZS ?.¢, T)z UEZSH (pls+1'¢’§’z-)l

S

u(S)(pZS’gp g Z') U(E) +l)(plSJrl’(p!‘é:!T)’

(57)

According to the fact that the lateral surface of the cylinder is load-

free, the equality

Ggp)(plll(/)yfff

)
,(alf(pll1¢l §,r)
)

Sw(plli(o &t

“Lp.,7)=0,
c¥Lp,&7)=0

(3

oL, WS,T)=

0
0,
0

=

Q

Q

Q

=

(58)

are valid (S :1,2). Here p,,, 0, are internal and external radio of

e “k” number layer, respectively.

Looking for the solution of the problem (56)- (58) in the form

of

(a(k) ©, o0,y 4o, u(k)):

ppr Opcr O

= (5% (p)cos(ng), 5% cos(np) (k’(p)sm(n(o) 05" (p)cos(ng),

Ué”(/?)COS(ﬂ(D) 09 (p)sin(ng)l"
as a result, we obtain the boundary value problem
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Y _ A (p,0.0,m)y,,
do

Cy,(p11)=0, (59)

y_s(pZS) :934-1 (pls+1)1
Cy, @ =0.

Here 7,(p)= (6% (0).59(0).5(p).T% (0). T (p),0 () i
the desired vector function;
A(p.Q.a,n)=[af]; i,j=16 k=123 s=12,

Baundary value problem (59) contains the spectral parameter
Q and «. By solving the problem (59) by means of the discrete
orthogonalization ~method, we determine thhhe dispersion
dependence «, =¢,(QQ)is determined. Real eigen values ¢, determine
energy carrying homogeneous elastic waves expanded alonh the
cylinders axis, the complex and pure omaginary eigen values
determine inhomogeneous elastic waves not carrying energy. Since
the dispersion curves determine main characteristics of an

unbounded cylinders ¢, . Since real dispersion curves o, =,(Q)

define mean characteristics of unbounded cylinder, for % = 1;
2

G m 1 m ) .

G—z:4; m_lzg; m_z=6; v, =v,=V,=03; p,=01 p,; =04,

P13 =0,7; p,, =1 real dispersion curves are built.

In 3.2 we study propagation of symmetric elastic waves with
respect to the axis in a radial three-layer infinite cylinder. The
dispersion curves are built for radial three-layer cylinder by joint
application of asymptotic and numerical methods. Near the point

(a;2) = (0;0) for the first dispersion curve the asymptotic expression
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3
Z m, (Pzzk - plzk )

= Q+0(Q?)
2G, (pzzk - P12k )

k=1

a =

is determined.

As a—>o, Q> (Iimgzconstj possible asymptotic of
(94

dispersion curves are determined.

When the ratio % for a three-layer cylindrical shell whose
1

inner and external layers posses the same elastic properties and
middle line consisting of a soft material is a small parameter the

initial points (0,,) of the real dispersion curves a, =a,(Q) are
found in the plane (&, Q).

For G2 _0,02, %:o,z; £,,=0.2 p,,=05; p,,=0,6; p,,=1the

1
dispersion curves are constructed (fig 1).

By increasing Q from 0 to 1,68 the first dispersion curve
originating from the point (0,0) approaches to the straight line whose
angle coefficietns equals the propagation velocity of lateral wave in
solid layers. Beginning with the value €2=1,68 the asymptotes of the
dispersion curve is a ctraightline whose angle coefficient equals the
phase velocity of longitudinal wave in a soft layer. By increasing the
« for the first dispersion curve the asymptotic will the equal the
phase velocity of Rayleigh waves whose angle coefficient expands
along the free surface of the cylinder. By increasing € the second
dispersion curve approaches the straightline whose angle coefficients
equals the phase velocity of longitudinal wave in solid layer. In the
range 1,48<0<2,78 the asymptotic of the dispersion curve is a

straightline whose angle coefficient equals the phase velocity of lateral
wave in a solid layer. For €2>2,78 by increasing Q -the dispersion

curve approaches the straightline whose angle coefficient equals the
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velocity of a longitudinal wave in a soft layer.

- 2

Fig. 1

In 3.3 we consider torsional wave propagation in a radial three-
layer infinite cylinder. Near(o;Q2)=(0;0) we determine the
asymptotic expression

3
zmk (p;k - pﬁ()
q= |k

- 3
ZGK (ng - pr)
k=1

for the first dispersion curve. We determine the initial points (0,€,)

of the real dispersion curves ¢, =at(Q) for a three-layer cylinder

whose inner and extermal layers were composed of the material with
the same elastic propertiers the middle layer composed of a softs
material and for

G, My o : :
—==0,02; —==0,2; p,;,=0,2 p,,;=0,5; p,3=0,6; p,;=1

Gl ml
dispersion curves are built (fig. 2).
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Increasing Q from 0 to 5,48 the first dispersion curve
originating from the point (0,0) approaches to a straight line whose
angle coefficients equals the velocity of propagation of lateral wave
in a solid layer. Beginning from the value of Q2 =5,48 the asymptotic
of the dispersion curve is a straight line whose angle coefficients
equals the phase velocity of lateral wave in a soft layer. For
2>0,865 there exist two expanded waves in the cylinder. By
increasing € the dispersion curve approaches the straightline whose
angle coefficients equals the phase velocity of lateral wave in solid

(94
dispersion curves is a straightline whose angle coefficients equals

m G,
m, G,
Q

A

layer. As aa—>x©, Q—>w© (Iimgzconstj the asymptotic of

T 1T T T T 1171
1 2 34 5 6 7 8 9 101112

Fig. 2
In 3.4 we consider propagation of symmetric elastic waves
with respect to the axis in a radial two-layer cylinder. Dispersion

Re or
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curves are built for % =0,0L &:0,2; £.=099, p,=1 p,,=103
1 m,
in a cylinder with solid inner layer and external soft layer (fig. 3).

Q

20 .

Fig. 3

Beginning with the values Q=136 two waves propage in the
cylinder. According to the unigue normal hypothesis, based on the
structured applied theory, dispersion curves are built for the problem
of elastic waves propagation in a two-layer cylinder (it is shown with
broken lines). In the first mode, the results obtained on the basis of
applied theory for frequencies satisfying the condition Q< 2are
close to the results obtained from the solution three dimensional
problem. In the second mode for the values of the frequency Q<5
the results obtained from the applied theory slightly differ from the
results obtained from the solution of three dimensional problem.
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Conclusion

The dissertation work was devoted to the study of the stress-
strain state of a small thickness inhomogeneous cylindrical shell on
the basis of elasticity theory equations.

o Problems of axial symmetricity of a small thickness
cylindrical shell whose elastic module change by the linear law with
respect to the radius is studied by applying the asymptotic integration
method. Homogeneous and nonhomogeneous solutions were built.
The character of the stress-strain state of the cylindrical shell was
determined. When the lateral surface of the cylindrical shell is stress
free, it is shown that the determined homogeneous solution consists
of the sum of expended, simple boundary effect character, boundary
layer character solutions. New classes of solutions that can not be
determined by the existing applied theories, were built. Asymptotic
formulas to calculate the stress-strain state of the cylindrical shell
were obtained.

o Given homogeneous mixed boundary conditions of a small
thickness cylindrical shell whose elastic module change with respect
to the radius by the linear law it was shown that the homogeneous
solution consists of the sum of the expands and boundary layer
character solutions.

o It was determined that when the lateral surface of a small
thickness cylindrical shell whose elastic module with respect to the
axis change by the linear law the solution consists of only of
boundary layer character solutions.

o Given various boundary conditions on a lateral surface of a
radial inhomogeneous cylindrical shell, the torsion problem was
studied by asymptotic integration and homogeneous solutions
method. It was shown that when the lateral surface of the cylindrical
shell is stress free, the homogeneous solution consists of the sum of
the expands and boundary layer character solutions and when the
lateral surface of the cylindrical shell is fixed, the homogeneous
solution is only of a boundary layer character.

o When the lateral surface of a cylindrical shell is free from
stresses and when the lateral surface is fixed, the torsional vibrations
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of a cylindrical shell were studied. Exact and asymptotic solutions
were built. The asymptotic expressions to determine the stress-strain
state were determined at various values of frequency.

o The problem of elastic waves propagation in radial two-layer
and three-layer cylinder was studying by joint application of
numerical and analytical methods.
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